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It is a long-standing belief, as pointed out by Bell in 1986, that it is impossible to use a two-
mode Gaussian state possessing a positive-definite Wigner function to demonstrate nonlocality as
the Wigner function itself provides a local hidden-variable model. In particular, when one performs
continuous-variable (CV) quadrature measurements upon a routinely generated CV entanglement,
namely, the two-mode squeezed vacuum (TMSV) state, the resulting Wigner function is positive-
definite and as such, the TMSV state cannot violate any Bell inequality using CV quadrature
measurements. We show here, however, that a Bell inequality for CV states in terms of entropies
can be quantum mechanically violated by the TMSV state with two coarse-grained quadrature mea-
surements per site within experimentally accessible parameter regime. The proposed CV entropic
Bell inequality is advantageous for an experimental test, especially for a possible loophole-free test
of nonlocality, as the quadrature measurements can be implemented with homodyne detections of
nearly 100% detection efficiency under current technology.
PACS numbers: 03.65.Ud, 03.65.Ta, 03.67.-a, 42.50.Xa
I. INTRODUCTION
Local realism, as first introduced by Einstein, Podol-
sky and Rosen (EPR) in their famous paper [1], is the
cornerstone of one’s classical intuitions, namely, physi-
cal systems have local “elements of reality” no matter
which experiment actually was performed. Then, the
most radical departure of quantum mechanics from the
classical intuitions is the discovery of Bell’s inequalities
[2, 3], which enable quantitative tests of quantum me-
chanics against local realism. While the original Bell in-
equalities (or in a broader sense, Bell’s theorem) were
derived for discrete quantum variables, their various ex-
tensions [4] have been developed for a large number of
different settings. Particularly, the original EPR para-
dox for continuous variables (CVs) has been a source of
renewed interest for topics such as the preparation of the
EPR-type states [5–9] and nonlocality [10–18].
For a two-mode Gaussian state possessing a positive-
definite Wigner function, the Wigner function itself pro-
vides a local hidden-variable model, and thus it is impos-
sible to use the state to demonstrate nonlocality. This
is a long-standing belief pointed out by Bell in 1986
[15, 19]. A particular example is the two-mode squeezed
vacuum (TMSV) state [5–9], which is a routinely gener-
ated CV entanglement source and useful for various CV
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quantum information tasks [8]. The Wigner function of
the TMSV state with CV quadrature measurements is
positive-definite. Therefore, the TMSV state cannot vi-
olate any Bell inequality under the quadrature measure-
ment settings. For this reason, the existing proposals for
the Bell test with CV systems [10–18] make use of cor-
relation functions for the parity operators [10, 11], the
“parity-spin” operators [13], or the quantities acquired
by a binning process to convert the continuous outcomes
into binary results [14–16], enabling us to use the ordi-
nary form of Bell’s inequalities. To take the full capacity
of CV nature, other strategies were proposed with ad-
ditional mechanisms, like using non-Gaussian states to-
gether with certain (effective) nonlinearity, but with rel-
atively small violations [15, 17], or more involved modes
[18].
We show in this paper, however, that a Bell inequality
for CV states in terms of entropies can be quantum me-
chanically violated by the TMSV state with two coarse-
grained quadrature measurements per site using the ho-
modyne detection technique. Bell’s inequalities formu-
lated in an information-theoretic context [20–22], i.e., the
entropic Bell inequalities, were first proposed by Braun-
stein and Caves and present a new angle to the conceptu-
ally important topic, namely, the quantum violations of
local realism. An appealing feature of the entropic Bell
inequalities is that they are applicable to a pair ofN -level
quantum systems for arbitrary N . Despite this, it is still
a nontrivial question on how to demonstrate the quan-
tum violations of local realism with CV systems, using
information-theoretic Bell inequalities. For the very defi-
nition of information or entropy, there are important dif-
2ferences [23] between the CV and discrete-variable cases.
To circumvent the difficulty caused by these differences,
the proposed CV entropic Bell inequality uses a pair of
coarse-grained quadrature measurements per site. In this
way, only experimentally measured discrete probability
distributions [24, 25] are involved. Furthermore, instead
of correlation functions as used in the usual Bell inequal-
ities, we use the conditional or mutual entropies to give
the constraints of local realism. We then demonstrate
the quantum mechanical violations of the CV entropic
Bell inequality by the TMSV state without any use of
non-Gaussian states or more involved modes. The CV
entropic Bell inequality as proposed here is friendly to
an experimental test, especially for a possible loophole-
free test of nonlocality, as the homodyne detections have
nearly 100% detection efficiency [26] under current tech-
nology.
II. THE CV ENTROPIC BELL INEQUALITY
An important trick in our argument is that, instead of
using probability density p(a) for a continuous random
variable a [23], we use only experimentally measured dis-
crete probability distributions [24], which were proved to
be very useful for witnessing CV entanglement [25]. As
the continuous probability density p(a) cannot be deter-
mined with a finite number of measurements, one can,
however, measure a to discrete windows Aℓ of size ∆a
(coarse-grained measurements). Namely, the continuous
random variable a is discretized into equally spaced win-
dows of size ∆a reflecting the precision of the experimen-
tal setup. Then the probability of measuring a to be in
window Aℓ reads [24, 25]
P (Aℓ) ≡
∫
∆aℓ
dap(a), (1)
where the integration is performed over ∆aℓ ≡ [aℓ −
1
2∆a, aℓ +
1
2∆a] with aℓ = ℓ ·∆a (ℓ = 0,±1,±2, ...). The
Shannon entropy of this discrete probability distribution
P (Aℓ) is given by
S(A) = −
∑
ℓ
P (Aℓ) lnP (Aℓ). (2)
The usual differential information (or entropy) for the
continuous random variable a with probability density
p(a) reads
s(a) = −
∫
dap(a) ln p(a). (3)
Note that s(a) is defined up to an arbitrary constant
and can even be arbitrarily large, positive or negative,
because of the continuous nature of the random variable
a. This property of the CV information is in contrast to
the discrete-variable cases.
For two random variables a and b having a joint prob-
ability density p(a, b), we can define correspondingly an
information s(a,b) = − ∫ dadbp(a, b) ln p(a, b). The con-
ditional information reads
s(a |b) = −
∫
dbp(b)
∫
dap(a |b) ln p(a |b) (4)
in terms of the conditional probability density p(a |b) .
Using Bayes’ theorem, i.e., p(a, b) = p(a |b) p(b) =
p(b |a) p(a), one has
s(a,b) = s(a |b) + s(b) = s(b |a) + s(a). (5)
Similarly, one can define the Shannon entropy S(A,B)
of the discrete probability distribution P (Aℓ,Bm). The
discretized conditional entropy is then
S(A |B) = S(A,B)− S(B). (6)
In terms of the above discretized entropies we have two
useful inequalities
S(A,B) ≥ S(A) ≥ S(A |B) , (7)
which have a transparent information-theoretic interpre-
tation. The first inequality stems from the fact that
the information carried by two quantities is never less
than the information separately carried by either quan-
tity. The information carried by a quantity never de-
creases by removing a condition. This then leads to the
last inequality. Note that for the CV case, one does not
have the inequalities s(a,b) ≥ s(a) ≥ s(a |b) .
To derive the required entropic Bell inequality we fol-
low the reasoning by Braunstein and Caves [20]. Consider
now two space-like separated CV quantum systems A and
B. For system A (B) we have two measurable quantities
a and a′ (b and b′) whose values are denoted by con-
tinuous random variables a and a′ (b and b′). Quantum
mechanically, two incompatible observables (e.g., a and
a
′ for system A) of a system cannot be measured simulta-
neously. Hence in each run of the two-setting Bell exper-
iments one can only measure two observables (here, e.g.,
a and b), one from each system. By contrast, local re-
alism implies that the four quantities specified above are
all local objective properties of the whole system. An im-
portant consequence of the observation is the existence
of a joint probability density p(a, a′, b, b′), from which we
can obtain appropriate probability densities, e.g.,
p(a, b) =
∫
da′db′p(a, a′, b, b′), (8)
the marginals of the joint probability density
p(a, a′, b, b′). Then other relevant probability densi-
ties can also be obtained, e.g., p(a) =
∫
dap(a, b).
With these probability densities in mind, we can define
the corresponding discrete entropies, in terms of which
we have the following information inequality [20]
S(A,B) ≤ S(A,B′,A′,B), (9)
where S(A,B′,A′,B) = S(A |B′,A′,B) +
S(B′ |A′,B) + S(A′ |B) + S(B). Using the facts that
3S(A |B′,A′,B) ≤ S(A |B′) , S(B′ |A′,B) ≤ S(B′ |A′)
and Eq. (6), we have the entropic Bell inequality
0 ≤ S(A |B′) + S(B′ |A′) + S(A′ |B) − S(A |B) . (10)
This is an information-theoretic constraint that has to be
obeyed by all local realistic theories. Similar to Ref. [22]
we can also obtain an entropic Bell inequality in terms
of the mean mutual information S(A;B′) + S(A′;B′) +
S(A′;B) − S(A;B) ≤ S(A′) + S(B′), which takes a
form quite similar to the Clauser-Horne-Shimony-Holt
inequalities [3]. Here S(A;B) = S(A)+S(B)−S(A,B).
III. QUANTUM VIOLATION OF THE CV
ENTROPIC BELL INEQUALITY
Now let us show the quantum violation of the entropic
Bell inequality Eq. (10) by the regularized EPR states [5–
7, 12] produced in a pulsed nondegenerate optical para-
metric amplification process. The process generates the
TMSV state associated with two quantized light modes
(denoted by the corresponding annihilation operators aˆ
and bˆ) as
|TMSV〉 = er(aˆ†bˆ†−aˆbˆ)|00〉 = 1
cosh r
eaˆ
†bˆ† tanh r|00〉
=
1
cosh r
∞∑
n=0
(tanh r)n|n, n〉. (11)
Here, for simplicity, we assume that r > 0 known
as the squeezing parameter and |nn〉 ≡ |n〉a |n〉b =
1
n! aˆ
†nbˆ†n |00〉. In the infinite squeezing limit, the TMSV
state |TMSV〉 becomes the original, normalized EPR
state [7, 13]; i.e., |TMSV〉 r→∞−→ |EPR〉normalized. Such
a CV entanglement can now be routinely generated and
is a vital resource for various CV quantum information
tasks [8].
For each mode of the light field, one measures the
quadrature phase amplitude operators
aˆθ =
1√
2
(aˆ†eiθ + aˆe−iθ), bˆφ = 1√2 (bˆ
†eiφ + bˆe−iφ), (12)
with the usual homodyne measurement technique. Note
that
[
aˆθ, aˆθ+π/2
]
= i. Thus, aˆθ and aˆθ+π/2 (similarly for
bˆφ and bˆφ+π/2) form a canonically conjugate pair. Ex-
perimental control of the local oscillator phases (θ and
φ) provides access to the continuous distribution of the
quadratures aˆθ and bˆφ. Let us denote the eigenvec-
tors of aˆθ and bˆφ by |aθ〉 and |bφ〉, respectively, namely,
aˆθ |aθ〉 = aθ |aθ〉 and bˆφ |bφ〉 = bφ |bφ〉. Then the quan-
tum pair probability density for measuring aˆθ and bˆφ
(with the results aθ and bφ) upon |TMSV〉 can be calcu-
lated as
pQM(aθ, bφ) = |〈aθ| 〈bφ |TMSV〉|2 . (13)
To evaluate pQM(aθ, bφ), we need some useful proper-
ties [27] of |aθ〉 (similarly for |bφ〉), namely,
〈aθ |a′θ〉 = δ(aθ − a′θ) ,
∫
daθ |aθ〉 〈aθ| = IˆA , (14)
which are the orthogonal and completeness relations for
|aθ〉, similar to the usual eigenvectors of a position op-
erator. Here, IˆA is the identity operator for system A.
Moreover,
〈aθ |n〉a =
1√√
π2nn!
exp(−inθ − a2θ/2)Hn(aθ),
〈bφ |n〉b =
1√√
π2nn!
exp(−inφ− b2φ/2)Hn(bφ), (15)
where Hn is the Hermite polynomial of order n. Using
Eq. (15) we can write down |aθ〉 explicitly [27]
|aθ〉 = π−1/4 exp
[
− 12a2θ +
√
2eiθaθaˆ
† − 12e2iθaˆ†2
]
|0〉 .
(16)
Hence, one can evaluate pQM(aθ, bφ) using either Eq. (15)
or Eq. (16).
Here we calculate pQM(aθ, bφ) with the help of Eq. (15).
To begin with, we use Mehler’s formula [28],
+∞∑
n=0
Hn(x)Hn(y)
2nn!
tn =
1√
1− t2 e
[2xyt−(x2+y2)t2]/(1−t2),
(17)
where |t| < 1. Consequently, using Eqs. (11) and (15)
yields
〈aθ| 〈bφ |TMSV〉 = e
−(a2θ+b2φ)/2e[2aθbφt−(a
2
θ+b
2
φ)t
2]/(1−t2)
√
π
√
1− t2 cosh r ,
(18)
with t = e−i(θ+φ) tanh r (Note that indeed |t| < 1 as
tanh r < 1 for r > 0). Hereafter, we take ϕ = θ + φ.
Then
pQM(aθ, bφ) =
e−(a
2
θ+b
2
φ)
∣∣∣e[2aθbφt−(a2θ+b2φ)t2]/(1−t2)∣∣∣2
π |1− t2| cosh2 r
=
e−(a
2
θ+b
2
φ)v+2aθbφw
π |1− t2| cosh2 r , (19)
which shows the explicit anti-correlations between the
local oscillator phases θ and φ. Here
∣∣1− t2∣∣ =√
1 + tanh4 r − 2 tanh2 r cos 2ϕ and
v =
1− tanh4 r
|1− t2|2 ,
w =
2 tanh r cosϕ(1 − tanh2 r)
|1− t2|2 . (20)
From the Gaussian integral formula
∫
exp(−∑mi,j=1xiAijxj)dmx =
√
πm
detA , (21)
4we obtain in particular that
∫
dxdy exp[−(x2 + y2)α +
2xyβ] = π/
√
α2 − β2 ≡ J(α, β), where α > 0. Here,
Am×m is a symmetric positive-definite (hence invertible)
covariance matrix. Then we can confirm the normaliza-
tion condition of pQM(aθ, bφ),
∫
daθdbφpQM(aθ, bφ) =
π/
√
v2 − w2
π |1− t2| cosh2 r = 1, (22)
as can easily be checked by using Eq. (20). From
pQM(aθ, bφ) we can easily obtain
pQM(bφ) =
∫
daθpQM(aθ, bφ) =
e−b
2
φ/ cosh 2r
√
π cosh 2r
. (23)
Now let us calculate SQM(Bφ) and SQM(Aθ,Bφ).
Hereafter, we take base of the logarithm
to be e. By definition, SQM(Bφ) =
−∑m PQM(Bφ,m) lnPQM(Bφ,m) and SQM(Aθ,Bφ) =
−∑ℓ,m PQM(Aθ,ℓ,Bφ,m) lnPQM(Aθ,ℓ,Bφ,m), where
PQM(Bφ,m) =
∫
∆bφ,m
dbφpQM(bφ),
PQM(Aθ,ℓ,Bφ,m) =
∫
∆aθ,ℓ
daθ
∫
∆bφ,m
dbφpQM(aθ, bφ).
(24)
With these results in mind, we get the quantum dis-
cretized conditional entropy under the given measure-
ment precisions (∆aθ and ∆bφ):
SQM(Aθ |Bφ) = SQM(Aθ,Bφ)− SQM(Bφ) ≡ SQM(ϕ).
(25)
The negativity of SQM(Aθ |Bφ) rules out any descrip-
tion of local realism, or an underlying joint probability
distribution [22].
To demonstrate that the entropic Bell inequality Eq.
(10) can indeed be violated quantum mechanically, we
take the following angles:
φ = −θ + δ, θ′ = θ − 2δ/3, φ′ = −θ + δ/3. (26)
Then the right-hand side of Eq. (10) becomes [Note that
SQM(−ϕ) = SQM(ϕ)]
DQM(r, δ) = 3SQM(δ
3
)− SQM(δ). (27)
Here, we assumed that ∆aθ = ∆aθ′ ≡ ∆a and ∆bφ =
∆bφ′ ≡ ∆b. The negativity of DQM implies the quantum
violations of the entropic Bell inequality Eq. (10) and
gives the deficit information [20] carried by systems A
and B, relative to that imposed by local realism under
the same geometry.
In Fig. 1 we plot DQM as a function of δ and r for
different values of ∆a = ∆b ≡ ∆. We also show the
plane of DQM = 0, above which is the parameter regime
of violating the inequality Eq. (10). Numeric result at
∆ = 1.5 shows only tiny violation for large squeezing
FIG. 1: (Color online). The plot of DQM [see Eq. (27)] as a
function of angle δ and the squeezing parameter r for differ-
ent values of the measurement resolutions ∆. We also show
the plane of DQM = 0, above which is the parameter regime
of violating the inequality Eq. (10). An apparent trend is
that larger ∆ requires smaller r to violate the entropic Bell
inequality.
FIG. 2: (Color online). The plot of DQM at δ = 0 as a function
of the squeezing parameter r and the measurement resolution
∆. The parameter regime violating the inequality Eq. (10) is
above the plane of DQM(r,∆, δ = 0) = 0.
parameters in the vicinity of r = 2, while no violation
was found for ∆ = 1 and r ∈ [0, 2]. From Fig. 1, we
note that a large fraction of the violations occur in the
vicinity of δ = 0 (as well as its symmetric point δ = 3π).
We then plot DQM at δ = 0 as a function of ∆ and r
in Fig. 2, where the plane of DQM(r,∆, δ = 0) = 0 is
shown, too. In this specific case the parameter regime of
violating the entropic Bell inequality indicates that larger
values of ∆ require smaller squeezing parameters r, a
similar trend observed from Fig. 1. Thus, the proposed
violations are experimentally more accessible for coarse-
grained measurements with larger ∆.
However, if we only consider the maximal violations of
5the inequality Eq. (10), namely, the minimal value DminQM
of DQM(r,∆, δ) for a given parameter regime, a com-
plicated interplay between r and ∆ is observed during
our numeric calculations. For example, one can detect
two minimal values of DQM(r,∆, δ) for the parameter
regime of r ∈ [0, 2], δ ∈ [0, π], and small ∆ (≤ 10); i.e.,
DminQM ≈ −0.75 at r ≈ 1.817, ∆ = 6, δ ≈ 0.213π and
r ≈ 1.915, ∆ = 3.5, δ ≈ 0.098π, respectively. We also
calculateDminQM for larger ∆. For ∆ = 30, DminQM ≈ −0.0016
(r ≈ 1.991, δ ≈ 0.502π) for r ∈ [0, 2], −0.685 (r ≈ 3,
δ ≈ 0.335π) for r ∈ [0, 3], −1 (r ≈ 3.756, δ ≈ 0.0004π)
for r ∈ [0, 4], indicating more violations for larger r with
the given ∆. For the parameter regime of r ∈ [0, 4] and
δ ∈ [0, π] with even larger ∆, we show two examples,
namely, ∆ = 50, DminQM ≈ −1.9 (r ≈ 3.781, δ ≈ 0.0004π),
while DminQM ≈ −0.549 (r ≈ 3.901, δ ≈ 0.0065π) for
∆ = 100. From all these numeric calculations, we see
that the maximal violation of the inequality Eq. (10)
is strongly influenced by the parameters of r and ∆,
as well as their interplay. Intuitively, one might expect
that our coarse-grained measurement effectively becomes
the usual discrete measurements for sufficiently large ∆.
However, it is quite difficult to get a simple picture due
to the complicated interplay between r and ∆ as we ob-
served in our numeric calculations.
Finally, let us briefly discuss the remaining experimen-
tal issues regarding the test of the entropic Bell inequality
Eq. (10). For given r and δ, the joint probability dis-
tribution PQM(Aθ,ℓ,Bφ,m) can be experimentally mea-
sured [25, 29] from the homodyne detection data, giving
rise to PQM(Bφ,m) as marginal probability distribution.
For experimentally closing the locality loophole, it is im-
portant to use random and fast switching of the local
measurement settings such that the space-time separated
measurements are guaranteed. All previous Bell experi-
ments could in principle be challenged by the detection-
efficiency and/or locality loopholes [30]. The former loop-
hole has been closed in Ref. [31] by using entangled ions,
which can be detected with nearly perfect efficiency. The
entangled photons are ideal for closing the locality loop-
hole, as pioneered by Aspect et al. [32] and then byWeihs
et al. [33]. Our proposal has used the pulsed [34] CV
entangled source (being easy to close the locality loop-
hole) and the quadrature measurement with homodyne
detections (having nearly unit detection efficiency), thus
opening up the exciting possibility for a loophole-free test
of local realism against quantum mechanics.
IV. CONCLUSIONS AND DISCUSSIONS
In summary, an entropic Bell inequality has been pro-
posed for CV states. Our argument requires simply
coarse-grained quadrature measurements per site, with-
out any need of experimentally complicated mechanisms
such as non-Gaussian states and nonlinearity [15, 17] or
more involved modes [18]. Thus, this is the simplest non-
locality argument for CV systems with minimal experi-
mental settings. We then demonstrate the quantum vi-
olations of the CV entropic Bell inequality for TMSV
states, although a previous belief claims no violation of
any Bell inequality in its ordinary form for the same
TMSV states using CV quadrature measurements. The
parameters required for the violations are well within the
experimentally accessible regime. By taking the full mer-
its of the CV entangled light fields, our argument thus
opens up a strong possibility for a loophole-free test of
local realism.
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